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Focusing of edge waves above a sloping beach
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Abstract

The mechanism of the spatial-temporal focusing (dispersion enhancement) of the edge waves in the shelf zone is studied in
the framework of linear shallow water theory. The multi-modal Stokes edge waves are considered as an example of the shallow
waves propagated in the coastal zone above uniformly sloping plane beach. The method to find the localized anomalous high
wave generated in the process of the wave packet focusing is suggested. The characteristics of the wave trains evolving into the
anomalous large wave are discussed.
 2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

1. Introduction

Wave propagation in the inhomogeneous medium can induce the scattering of the wave energy, as well as its capturing. The
last phenomenon has a great interest due to the weak attenuation of the waves over long distances. There is a lot of tsunami
observations when strong intensity can be explained with the theory of the trapped waves only. For instance, Ishi and Abe [1]
suggested that the manifestation of the catastrophic 1952 Kamchatka tsunami on the Japanese coast is related with the trapped
waves. Due to frequency dispersion of the trapped waves, such waves approach significantly later then the leading wave, and
their amplitudes are significantly higher. The existing of the trapped waves explains the non-uniform character of the tsunami
height along the coastline [2,3]. Totally, approximately 70% of the tsunami wave energy propagates along the Kurile Islands
in Pacific as the trapped waves [4]. Coastally trapped waves are an important component in the sea disturbances produced
by cyclones moving along coastlines [5]. Edge waves may be generated from normally incident wind waves due to strong
nonlinearity of the wind waves [6–8]. Several pictures of edge waves are available in book by Komar [9].

The modal structure of the linear barotropic trapped waves in a basin of variable depth is described in papers [10–14] and
books [15,16]. Usually, the kinematic properties of those waves are studied because the dispersion relations can be detected from
the observations using the spectrum analysis. More difficult is to determine the energetic characteristics of the trapped waves
related with their sources and sinks on large oceanic areas. A popular model of the generation of the background trapped waves is
the atmospheric model with variable atmospheric pressure and wind stress, see, for instance [16]. This model is applied usually
for description of the mesoscale ocean response on the atmospheric disturbances. Impulse generation of the trapped waves can
be related with underwater earthquakes and volcano eruptions, fast and large-scale variations of the atmospheric conditions.
Usually, the source acts during the short time resulting to the wave generation, and the solution of the classical Cauchy problem
for the linear or nonlinear wave equation is a typical mathematical task in the theory of wave propagation. Sometimes, the wave
generation can be related with multiple sources during the relative short intervals. For instance, the tsunami generation at the
Virginia Islands during the 1867 earthquake is described as “A great sea wave was started by the first shock, an second larger
one by the second shock some ten minutes later; other waves followed but were relatively unimportant” [17]. Multi-generation
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of the intense wave groups due to nonlinearity and dispersion may induce the wave interaction with formation of the anomalous
high waves. These processes have never been studied for the trapped waves.

Meanwhile, such processes called as freak or rogue wave phenomena are known for the wind waves in the ocean. Freak
waves appeared and disappeared very rapidly on relative still sea surface. Twenty two supercarriers were lost due to collision
with freak waves during 1969–1994 [18]. The freak wave with height 26 m was recorded on the oil platform in the North Sea in
1995 [19]. The importance of the extreme wave forecasting induced the developing of the theoretical models taken into account
the wave-current interaction, dispersive and geometrical focusing, nonlinear instabilities [20–32]. Of course, the mathematics
of short-scale wind waves differs from the mathematics of the large-scale wave motion, but the physical processes related
with dispersion and nonlinearity can play the same role in both cases. The goal of this paper is to discuss the mechanism of
spatial-temporal focusing of the edge waves in a basin of variable depth. In the case when long shelf waves are generated by
nonlinear interaction of the wind wave groups propagated to the shore [7,8] the origin of the large-scale anomalous wave is
related with the wind as for the freak waves in the open sea. The paper is organized as following. The modal structure of the
Stokes edge waves above the plane beach is reproduced in Section 2. The physics of the wave focusing is discussed in Section 3
in the framework of the kinematic model for slowly modulated edge wave trains. The exact and approximated solutions of the
linear shallow water system for the anomalous impulse forming in the one-modal Stokes edge wave field are given in Section 4.
Multi-modal large-amplitude Stokes edge waves are discussed in Section 5. Obtained results are summarized in conclusion.

2. Stokes edge waves on the plane beach

The Stokes edge waves as is well-known are the waves propagated along the plane beach. The linear theory of the Stokes
edge waves is well described, see, for instance, LeBlond and Mysak [15], Rabinovich [16]. Minzoni and Whitham [33] show
that within the framework of edge wave theory the linearisation of governing equations and that of the shallow water equations
are both equally consistent. Let us consider the wave motion above the cylindrical bottom in the framework of the linear shallow
water theory only
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whereη(x, y, t) is the surface displacement,u andv are the alongshore and offshore components of the horizontal current,g

is the gravity acceleration,h = αy is the water depth,y is the offshore coordinate andx is the alongshore coordinate,α is the
constant bottom slope. The system (1)–(2) can be reduced to the wave equation for the surface displacement

∂2η

∂t2
− g · div(h∇η) = 0. (3)

The boundary conditions (on offshore coordinate) correspond to the wave vanishing on infinity and its bounding on the
shoreline. Separating the variables in (3), the structure of the free Stokes edge waves is presented in explicit form

ηn(x, y, t) = An exp(−ky)Ln(2ky)exp
(
i(ωnt − kx)

)
, (4)

whereLn is the Laguerre polynomial described the offshore modal structure; the frequency,ω and along wave number,k are
satisfied to the dispersion relation

ωn =√
(2n + 1)αgk, (5)

n is the integer indicated the modal number, andAn is the wave amplitude (in general, complex value).
The velocity field in the Stokes edge wave is expresses as
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The Laguerre polynomials tend to zero on infinity, thus the wave field is concentrated in the coastal zone. The offshore structure
of the water displacement in the Stokes edge waves is shown in Fig. 1. The wave field is rapidly decreasing with distance from
the beach. Weak oscillations (less then 25% of maximal value) are spreading in deep water when the mode number increases
(in the framework of shallow water theory).
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Fig. 1. Offshore structure of the shallow Stokes edge waves.

The wave equation (3) should be solved with the initial conditions. For tsunami problem the piston model is the popular
model, thus the initial conditions correspond to the initial displacement of the sea surface

η(x, y, t = 0) = η0(x, y),
∂η

∂t
(x, y, t = 0) = 0, (8)

but other initial conditions can be easily considered due to linearity of the wave equation. The solution of the Cauchy problem
for Eq. (3) can be expressed in the integral form. Physically, this solution is presented as a sum of the near field (algebraically
attenuated from the source) and the wave component given the superposition of the Stokes edge waves (4). Far from the source,
the wave component contributes mainly in the resulting field. As in existing models of the freak wave formation, we will
consider the trapped waves far from the source and ignore the near field. The wave component of the general solution presents
by the Fourier series,
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Thus, the linear superposition of the free Stokes edge waves (9) is the mathematical model for discussion of the anomalous high
wave appearance.

It is important to note that the Stokes edge waves have significant dispersion; their dispersion relation (5) coincides with the
dispersion relation for the wind waves in deep water (with reduced value of the gravity acceleration). Nonlinear correction to
the edge wave has been obtained by Whitham [34] showing that the edge wave is modulational unstable like the Benjamin–
Feir instability. As a result, nonlinear Schrödinger equation can be derived for the envelope of the quasi-monochromatic wave
packet, it has the same form as for waves in deep water with reduction of the gravity acceleration [35,36]. The appearance of the
freak wave in the framework of the cubic nonlinear Schrödinger equation is predicted by many authors [22–24,26,27,30]. Due
to the same mathematical model, the edge wave train will generate anomalous high impulse, and there is not necessary to repeat
here the corresponding results for narrow spectrum. More interesting features of the Stokes edge waves are its wide spectrum
and the multi-modal character of the wave propagation. Nonlinear interaction of the Stokes edge waves with different modal
structures is studied by Kenyon [37], Kochergin and Pelinovsky [38] and Kirby et al. [39]. Although the kinematic conditions
of the resonance interactions are satisfied for the Stokes edge waves propagated in any directions, but the coefficients of the
nonlinear interactions differ from zero for counter-propagating waves only [39]. Such interactions in all directions are important
for climate processes and equilibrium of the wave field. For collinear Stokes edge waves the coefficients of the nonlinear
interactions are equal to zero [39], and it means that the interaction between different modes of the collinear Stokes edge waves
can be ignored. The freak wave phenomenon is not trivial mainly for collinear waves, because the interaction of the counter-
propagating waves leads to appearance of the large pulse with double amplitudes as a minimum. So, the linear superposition of
the collinear Stokes edge waves with different modal numbers is the good approximated solution in a weak nonlinear limit.
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3. Dispersive mechanism of the appearance of large amplitude waves

In the framework of the linear theory the appearance of the large-amplitude waves may be explained by a focusing
mechanism. Usually, the wave focusing is related with geometrical factors, as well as with wave dispersion. The Stokes edge
waves are unidirectional waves and, therefore, the geometrical focusing here is impossible. Dispersion is usually considered as
the mechanism of the wave attenuation due to transformation of the initial impulse into the wave train with decreasing amplitude
and increasing length. It is evident that if at the initial moment the wave packet has the slow waves in its front and the fast
waves on its end, the fast waves will overtake the slow waves. In the moment of overtaking (wave focus) the individual waves
merge with forming of the large amplitude impulse. If the Stokes wave represents the quasi-monochromatic wave train with
slowly variable amplitude,A(x, t) and wave number,k(x, t), then this process can be described by the well-known kinematic
equations [20,40,41]
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= 0, (11)

∂A2

∂t
+ ∂

∂x

(
cgr(k)A2)= 0, (12)

where the group velocity,cgr is calculated from the dispersion relation (5). These equations are valid for each mode of the
Stokes edge waves. Note that the kinematic equations are one-dimensional equations in spite of two-dimensional character of
the edge waves. The first kinematic equation (11) can be re-written as an equation for the group velocity,cgr = dω/dk after
multiplying on dcgr/dk
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The nonlinear hyperbolic system (12) and (13) is solved exactly

cgr(x, t) = c0(ξ) = c0(x − cgrt), (14)

A(x, t) = A0(ξ)√
1+ t (dc0/dξ)

, (15)

for any initial distributions,c0(x) andA0(x). Hereξ = x − cgrt is moving coordinate. The first solution (14) has plain physical
sense: each quasi-monochromatic wave packet propagates with own group speed, and there is no interaction between different
wave packets in the linear problem. The second equation (15) shows, in fact, the spatial variability of the wave packet density.
If the fast wave are behind the slow waves at the initial time, then dc0/dx < 0, and from (15) follows the amplification of the
wave energy in the place of the wave concentration. At the focusing time

T = 1

(−dc0/dx)max
, (16)

the wave amplitude becomes infinity. Then the fast waves move forward and the wave amplitude decreases again. This simplified
model is not valid, unfortunately, in the vicinity of the wave focus, because the approximation of slowly varied amplitude breaks
down at the focal point (several wave packets meet in the same point). But the kinematic model demonstrates the focusing
process very well, and also the reversibility of the focusing process and dispersive attenuation process.

So, the focusing process is the inverse process of the dispersive attenuation. Mathematically, it follows from the invariance
of the wave equation (3) on the sign changing of time and coordinates (in fact, only the propagated coordinate, alongshore
coordinate should be considered). Therefore, the complicated mathematical problem to prove the appearance of the anomalous
impulse from the given wave field can be reduced to the simpler Cauchy problem of the evolution of the anomalous impulse.
All obtained solutions after inverting in space will present the wave packets evolved into the anomalous high impulse.

More realistic model for the quasi-harmonic wave train evolution is based on the parabolic equation considered by
Pelinovsky et al. [28] for waves above flat bottom,

i
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d2ω

dk2
∂2A

∂x2
, (17)

where again the dispersion relation (5) is used. This equation is also one-dimensional, in spite of the two-dimensional character
of the edge wave structure. The process of the wave focusing takes place as in the framework of the kinematic equations, but in
the vicinity of the focal point, the maximal amplitude is bounded [28]. The invariance of the parabolic equation (17) is evident,
so, the scheme of calculation of the anomalous high wave described above “works” also in this model. The nonlinearity of
the quasi-harmonic Stokes edge wave train leads to additional cubic nonlinear term in (17), and the corresponding nonlinear



A. Kurkin, E. Pelinovsky / European Journal of Mechanics B/Fluids 21 (2002) 561–577 565

Schrödinger equation derived by Akylas [35] and Yeh [36]. The dynamics of the appearance of the freak wave in the framework
of the nonlinear Schrödinger equation is well studied [22–24,26,27,30], so, the process of the focusing of the quasi-harmonic
wave packets seems to be evident. The influence of the offshore coordinate leads only to wave decreasing according to (4) with
the constant carrier wave numberk. In next sections, the appearance of the high amplitude impulse in the Stokes edge wave
filed with the wide spectrum will be investigated.

4. Anomalous impulse forming in the one-modal Stokes edge wave field

First of all, the wave focusing of the first mode (n = 0) of the Stokes edge wave will be analyzed. In this case the Laguerre
polynomial is the trivial constant (L0(y) = 1) and the wave evolution is described by the Fourier integral

η(x, y, t) =
∫

A(k)exp
(
i(ωt − kx) − |k|y)dk (18)

with the dispersion relation

ω =√
gα|k|signk (19)

and the condition,A(−k) = A∗(k) ensues that the wave field is real.
As it is known, Eqs. (18) and (19) are valid for the Stokes edge waves in more general case (not only in the approximation

of shallow water) replacing tangent of the beach slope,α on sine of this angle (in the shallow water approximation, these values
coincide).

The main idea of analysis of appearance of the freak waves is to use the initial condition for (18) in the form of possible
large impulse. Such a wave is described by the Fourier integral

ηfr(x, y) = η(x, y,0) =
∫
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whereA(k) is a spectrum of anomalous high waves. Analytical results can be easily obtained for the following spectrum
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whereA0 andl determine the amplitude and length of the freak wave along the shoreline. The shape of such anomalous wave
is calculated from (20) analytically
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In particular, this wave on the shoreline is the Lorents-shape pulse
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Thus, the freak impulse presents the crest with maximum on the shoreline (Fig. 2, dimensionless coordinates,x/l andy/l will
be used in all figures); it damps more slowly in depth (as 1/y), then along beach (1/x2).

Using (22) as an initial condition, the wave field can be calculated for any time in the explicit form
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Fig. 2. Lorents pulse (22) forn = 0.

This solution is real. The snapshot of the wave field,η/A0 calculated from (24) is given Fig. 3. The water displacement has the
visible wave structure in alongshore direction with exponential decay in offshore direction. Main features of the wave evolution
for large times can be demonstrated using the method of stationary phase

η(x, y, t) ≈ A(k)√
2πt |dc/dk| exp

(
i(ωt − kx − π/4) − |k|y), (25)

wherec is the group velocity determined by

c = dω

dk
= x

t
. (26)

For the fixed time, the wave number as a function of coordinate,k(x) is found from (26), and then the wave field from (25).
After substitution of (20) and (21) these formulas are simplified

η(x, y, t) = A0l√
2πt

√
gα

k3/4 exp(−kl − ky)cos(ωt − kx − π/4), (27)

k(x, t) = gαt2

4x2
. (28)
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Fig. 3. Snapshot of the wave field described by (24), dimensionless time ist (gα/l)1/2.

So, the Stokes edge wave for large times presents the wave train modulated on the amplitude and wave number; its envelope
shape is shown in Fig. 4 (y = 0, dimensionless offshore coordinate 2x/t (gαl)1/2, and the amplitude is normalized on its
maximum). The long waves having the large group velocity are in the front of the more short waves. The amplitude of the long
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Fig. 3. (Continued).

waves is weak due to factor,k3/4 in (27); it is also weak for the short waves due to exponential factor in (27). The maximal
value of the amplitude is reached for the waves with wave number

kmax= 3

4(l + y)
, (29)
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Fig. 4. Envelope shape at large times (dimensionless variables).

Fig. 5. Locations of the wave front for different times (dimensionless time,t (gα/3l)1/2).

and it is equal to

Amax= A0l exp(−3/4)√
2πt

√
gα

(
3

4(l + y)

)3/4
. (30)

As it is expected, maximal amplitude of the wave train decreases and its length (1/kmax) increases from the shoreline. Maximal
amplitude decreases also with time due to dispersion. It is important to mention that waves in the vicinity of the maximal
amplitude propagate with constant group velocity depending from the distance from shoreline

cmax=
√

gα(l + y)

3
. (31)

As a result, wave front in the vicinity of the maximal amplitude transforms into parabola varied with time (Fig. 5)

(x − x0)2 = gαt2

3
(l + y). (32)

Thus, the solitary pulse (22) transforms into the system of propagated localized “spots” of the different signs, and the spatial
structure of the wave field is complicated (curvilinear fronts, damping with distance from the shoreline).

Inverting time,t and coordinate,x in (24), the wave packet will have now the slow waves on its front and fast waves in
back; the wave shape is shown in Fig. 6 for dimensionless time,t (gα/l)1/2 = 500, and its envelope – in Fig. 7. Such wave
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Fig. 6. Shape of the wave packet transformed in the solitary pulse (22), dimensionless time ist (gα/l)1/2 = 500.

Fig. 7. The envelope shape of the wave train transformed in the solitary pulse (22).

packet will evolve with time in the localized large pulse (22), and then disperse in the wave packet shown early in Fig. 3. Fast
long waves will be again in front of more slow short waves. The time variation of the maximal amplitude in the wave train
calculated from (24) is presented in Fig. 8 (time is normalized on (l/gα)1/2). It is evident, that the significant amplification is
in the vicinity of the wave focusing only; so, the anomalous high wave is rapidly appeared and also rapidly disappeared, and it
has short-lived time.

Generally speaking, the freak wave can have any shape, not only the crest as it is considered above. A deep trough in the
coastal zone may be also danger for the ship mooring. To consider the forming of the deep trough in the framework of the linear
theory is trivial task because it reduces to changing of the sign of the wave amplitude,A0. Sometimes, the freak wave may
consist from highest crest and deepest trough simultaneously. The model of such an anomalous wave can be the sign-variable
localized pulse (Fig. 9)
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Fig. 8. Maximal value of the amplitude of the wave train versus time.

Fig. 9. The shape of the localized sign-variable pulse (33).
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ηfr(x, y) = A0l
2 x(l + y)

[x2 + (l + y)2]2 , (33)

its spectrum according to (20) is

A(k) = − iA0l
2k

4
exp

(−|k|l). (34)

To find the wave trains evolved into the freak impulse can be done on the scheme described above; to calculate the Fourier
integral (18) with an initial condition (33) and to invert time and coordinate in the obtained solution. It is evident that the
qualitative characteristics of the wave packet for large times are the same as in Fig. 3. The quantitative characteristics are
slightly different; in particular, the wave of maximal amplitude has the biggest wave number, compare with (29)

kmax= 7

4(l + y)
. (35)

Maximal amplitude of the wave train is

Amax= A0l exp(−7/4)√
2πt

√
gα

(
7

4(l + y)

)7/4
. (36)

The wave packet, as well as the anomalous wave, damp with the offshore distance more rapidly.

5. Multi-modal field of the Stokes edge waves

The anomalous high wave can be formed by the multi-modal field of the Stokes edge waves. Let us consider firstly the
Stokes edge waves with fixed modal numbern. The wave field is described by the following Fourier integral

ηn(x, y, t) =
+∞∫

−∞
A(k)Ln

(
2|k|y)exp

(−|k|y)exp
(
i(ωt − kx)

)
dk. (37)

As an initial condition, the freak wave shape can be applied. If for instance, its spectrum is described by (21), the integral (37)
can be calculated in explicit form, and the freak pulse ofn-mode is (all calculations were done using MAPLE 6)

ηfr(x, y,n = 1) = A0l
l3 − ly2 + yl2 − y3 + x2l + 3yx2

((l + y)2 + x2)2
, (38)
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ηfr(x, y,n = 3) = A0l
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{−y6l − y7 − 9yx2l4 + 7yx6 − 22y3x4 − 6y2x2l3 + 6y3x2l2

+ 9y4x2l − 11l3x4 + 6l5x2 + x6l + yl6 − 3l5y2 − 3l5x2 + 9yl2x4 + l7

+ 14x4l3 + 6yx4l2 + 3y5x2 − 30y2x4l + 3y5l2 + 3y4l3 + 18y5x2 − 3y3l4

+ 6y4lx2 − 36y3l2x2 − 13y3x4 + 15y2lx4 − 12l3y2x2 + 18yl4x2}, (40)

ηfr(x, y,n = 4) = A0l
1
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{
x4y5 − 6l7x2 − 4l6y3 + 6l4y5 + 6l5y4 − 4l2y7 − 4l7y2
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− 4lx8 + 4yx8 + l8y − 18ly6x2 + 70l2x6y − 160l3x4y2 + 10l3x6 + 25l4x4y

+ 30l6x2y − 80l2x4y3 − 30y7x2 + ly8 − 10ly6x2 − 55ly4x4 + 4l3x6 + 30l3y4x2
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+ x4l5 − 18lx6y2 − 42l2x6y − 35l5x4}. (41)
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It is important to mention that all integrals on the shoreline (y = 0) for any modal numbern reduce to the Lorents-shape
pulse (23). When the offshore distance increases, the impulse consists from the crests and troughs due to sign-variability of the
Laguerre polynomials. Computed freak wave shape for several modal numbers,n is shown in Fig. 10. The oscillatory wave
structure on the freak wave periphery is clearly seen for large modal numbers.

Fig. 10. Freak wave shape for different modal number (the same spectrum).
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Fig. 10. (Continued).

For large time, the stationary phase method is effective to calculate the wave field. Along the beach (y = 0) the wave field is
described by the asymptotic formulas (26)–(29) replacing the gravity acceleration,g with g(2n + 1). As a result, the maximal
amplitude of the wave packet ofn-mode is

Amax= A0l exp(−3/4)√
2πt

√
gα(2n + 1)

(
3

4l

)3/4
, (42)
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Fig. 11. Shape of the freak wave consisted from 11 modes with the same spectrum.

and it decreases when the modal number increases. The characteristic wavelength does not depend from the modal number and
it is determined by (27). The group velocity of the wave packet of the maximal amplitude increases when the modal number
increases

cgr =
√

glα(2n + 1)

3
. (43)

Due to linearity of the shallow water equations it is easily to consider the freak wave formation in the multi-modal field of the
Stokes edge waves. If for instance the freak wave consists from the eleven modes with the same spectrum (20), then anomalous
impulse is very narrow and it is located in the vicinity of the shoreline. It is shown in Fig. 11. With time, this freak wave evolves
in the system of the eleven oscillatory packets with the leading weak amplitude packet of the highest mode; see Fig. 12 for
dimensionless time,t (gα/l)1/2 = 500. Inverting time and alongshore coordinate, such a multi-modal wave packet will evolve
in the large amplitude impulse, and then again disperse.

6. Conclusion

The main result of this study is the demonstration of possibility of the freak wave phenomenon in the field of the trapped
waves in the coastal zone. Because the long shelf waves can be excited by the nonlinear interaction of the wind wave groups,
the opportunity of the appearance of the large-scale anomalous wave at the variable wind seems to be important. The physical
reasons of the appearance of the large-amplitude waves may be related also with the processes of the multi-generation of waves,
for instance, at the underwater earthquakes and volcano. The problem of the spatial localization of the freak wave formed from
the Stokes edge wave field is solved naturally because the wave field decreases when the offshore distance increases. This is
main difference to compare with the wind wave field, which propagates in both horizontal coordinates. The freak wave can
present the impulse of any shape: high crest only, deep trough only, or the system of crests and troughs. Far from the focal point
(caustics) the wave field is the frequency (phase) modulated wave packet with weak amplitudes, or the system of such packets
with different offshore structure (different modal numbers). Its spatial structure is complicated enough, for instance, the front
of the wave of maximal amplitude presents the parabola in space and so on.
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Fig. 12. Wave train consisted from 11 modes with the same spectrum, dimensionless time ist (gα/l)1/2 = 1000.

Deterministic Stokes edge waves are considered above. In the framework of the linear theory the random and regular
components propagate independently. As a result, the freak wave may be formed on the background of the random sea. Recent
investigations in the framework of the weak nonlinear theory (like Korteweg–de Vries and nonlinear Schrödinger equations)
shown that the freak wave forms in the random wind wave field [26,28]. The main weak nonlinear effect for the collinear Stokes
waves is modulation instability [36], nonlinear interaction between different modes is absent in the first approximation [39].
Some exact solutions of the nonlinear governing equations described a family of explicit rotational waves are obtained [42]. We
plan to study numerically the nonlinear process of the focusing of the edge waves taking into account the random background
wave field later.
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